Let R be an associative ring having an identity element 1 and denote by R R (resp. R R ) a left (resp. right) iϋ-module R. To generalize the notion of QF-3 algebras [18] we shall make the following definitions:
(1) R is said to be left QF-3, if R R has a direct summand Re (e is an idempotent of R) which is a faithful, injective left ideal.
(2) R is said to be left QF-3+, if the injective hull E( R R) of R R is protective.
(3) R is said to be left QF-3', if the injective hull E{ R R) of R R is torsionless in the sense of Bass [1] .
Right QF-3, QF-3+ and QF-3' rings are defined in a similar fashion. It is obvious that the class of left QF-3' rings is the most general class of the above three classes.
Our main purpose in this note is to introduce some generalizations of results for QF-3 algebras [11] , [12] , [15] , [16] , [17] and semi-primary QF-3 rings [4] , [6] , [13] , [14] to the above generalized classes of rings.
We shall say that the dominant dimension of left (resp. right) iϋ-module X, denoted by dom. dim ^(resp. dom. dim X R ), is at least n, if there exists an injective resolution of X:
such that all W iy 1 ^ i ^ n, are torsionless. Then it is clear that R is left (resp. right) QF-3' if and only if dom. dim R R (resp. dom. dimR R ) Ξ> 1. In §1 we shall show that each class defined as above is closed under taking quotient rings (not necessarily classical), that is, a left 256 HIROYUKI TACHIKAWA quotient ring S of R is left QF-3', QF-3+ or QF-3 if R is left QF-3', QF-3+ or QF-3 respectively. Further, S is the maximal left quotient ring of R if and only if dom. dim S S ^ 2. This is a generalization of the results for QF-3 algebras by Morita [12] , Tachikawa [17] and Mochizuki [11] , Then, as an immediate consequence we have that R and the double centralizer R' of any faithful right ideal of R are contained in the same class, and dom. dim R R = 1, if R f Φ R. Here it is to be noted that the double centralizer of a faithful left ideal of R is not necessarily left QF-3', even if R is left QF-3' (cf. §4, example 1).
In §2 we shall consider a left QF-3 ring R which has a faithful projective right ideal K and shall develop a proof in order to notice that the injectivity of K R is not necessary to obtain some results in [14, Propositions 1.1 and 1.2] , Further, defining a special injective dimension closely connected to a fixed injective module, we shall prove that in the case R is a right perfect left QF-3 ring, there exists a suitable idempotent / of R such that the subcategory of left Rmodules of dominant dimension at least two is equivalent to the category of all left /ff/-modules. We shall remark also that the two characterizations for dominant dimension by Mueller [15] can be applied to an estimation of dominant dimensions of endomorphism rings of modules which are generators.
Recently, the characterization of Artinian QF-3 rings due to Wu, Mochizuki and Jans [19] suggested the notion of QF-3' rings to Colby and Rutter [4] and Kato [7] . In [4] it was proved that semi-primary 1) left QF-3' rings are not necessarily left QF-3+, however "left QF-3'" implies "left QF-3" for semi-primary rings. Without the proof we shall state in §3 that the same result holds for perfect rings, since the proof in [4] is available for this case. Moreover, we shall prove by duality of modules and the result proved in the first part of §2 the notions of two sided QF-3', QF-3+ and QF-3 are identical for perfect rings. 1* Quotient rings of QF-3 rings* Let R be a ring with an identity element 1 and N a submodule of a left i?-module M. M is said to be a rational extension of N in case f(N) = 0 implies / = 0 for / e ΈLom R (L, M) , where L is any submodule of M containing N. Then, following Lambek [10] , a ring S is said to be a left quotient ring of R if S contains R as a subring and if S is a rational extension of R as a left J?-module. To begin with we shall prove PROPOSITION 
Let S be a left quotient ring of R. If R is
1 In this case a ring R is said to be semi-primary if it contains a nilpotent ideal N with R/N semi-simple with minimum condition. left QF-3' (resp. QF-3+), then S is left QF-3' (resp. QF-3+).
Proof

. Denote by I the injective hull E{ R R).
Then, by the assumption I = R E( S S) and we have where φ is an iϋ-monomorphism and j is the inclusion mapping.
Suppose s be an element of S such that φj(sx) Φ s(φj(x)) for some x G /. Then we have a projection p λ of IL S(resp. X 0 S) onto S such that the i?-homomorphism
of S into S is nonzero but has kernel containing R. However, this contradicts that R S is a rational extention of R. Proof. It is known [9] that S is a subring of Q and Q can be imbedded into / by a Q-monomorphism j. Lambek proved in [9] that j(Q) = {xel\ h(j(S)) = 0 implies h(x) = 0 for h e Hom s (J, I)}. If dom. dim S S ^ 2,1/j(S) is isomorphic to a submodule of a direct product of copies of S. Hence for xel such that x£j(S), there exists a S-homomorphism / of I into / with f(x) Φ 0 and /(i(S)) = 0. Thus by the remark above x g j(Q) and consequently S = Q.
Conversely assume S -Q. Since the maximal left quotient ring of Q is itself, by the same reason we have Γ\ heTiQ Ker h -. j(Q) , where
In case i2 is a finite dimensional QF-3 algebra, E{ R R) is similar to the unique minimal faithful left ϋί-module and the double centralizers of these modules are isomorphic to each other. Thus Proposition 1.3 is a generalization of the result for QF-3 algebras by Tachikawa [17] and Mochizuki [11] .
Proof. Since every left quotient ring of R can be imbedded naturally into Q, we shall prove that R r is a left quotient ring. For this purpose it is sufficient to show that for any two elements r[ Φ 0 and r[ of R', there exists an element r of R such that rr[ Φ 0 and rr' 2 e R. However, K is faithful, hence there exists an element ke K C R such that kr[ Φ 0 and it is obvious kr' 2 e K C R.
2* On left QF-3 rings* Throughout this section we shall assume that Re means always a faithful, projective, injective left ideal of R and Q is the maximal left quotient ring of R.
We shall denote by if a finitely generated, projective, faithful right ideal of R, by C the ring eRe y by D End R (K R ) and by U the D-C-bimodule Ke respectively. Then we have PROPOSITION 
Proof. Since K R is faithful, we shall identify a Z)-endomorphism of Ώ K obtained by the right multiplication of an element r of R with r itself. Then it follows that Hom^ ( 
By (1) Proof. Since R is a right perfect ring, every nonzero left Rmodule has nonzero socle and there exists at most a finite number of non-isomorphic irreducible left jR-modules. Therefore we can assume that the socle S of Re is a direct sum of finite number of non-isomorphic irreducible left iϋ-module. Then there is an idempotent / of R such that Rf/Nf is isomorphic to R S, where N is the Jacobson radical of R.
Suppose that fR R is not faithful. Then there exists an nonzero element r of R such that fRr = 0. Since Re is faithful, there exists an element x of Re such that rx Φ 0. Hence we have a nonzero submodule Rrx of Re. It follows that Rrx flS = O, for Re is an essential extension of S. Therefore fRrx Φ 0. Thus we have that and fRr Φ 0, but this is a contradiction. Now, it is known that we can set fR as K in Proposition 2.2 and fRf as D. It follows that /Rf fRe is injective. Further, the condition that Rf/Nf ~ R S insure that fRf fRe is cogenerator. Hence every left /^/-module has /ffβ-injective dimension ^ 2 (in fact = oo). This completes the proof by Proposition 2.2.
By similar proofs as in [14, Proposition 2.6 Further, dom. dim R X" = 1 and dom. dim R X'\X" = 0, if X' z> X" z> X.
(4) The following two conditions are equivalent (n ^ 1).
Now for given left modules M and U over a ring Z>, we shall say that U is a M-cogenerator if for a nonzero left D-homomorphism / of M into itself there exists a left D-homomorphism φ oί M into Z7
such that the composite of / and φ is a nonzero left D-homomorphism. Then we prove PROPOSITION 
Let M be a left module over a ring D such that (i) D M is a generator and (ii) M has an injective, M-cogenerator submodule D U. Then the inverse D-endomorphism ring R of D M is left QF-3. Conversely, every left QF~3 ring is obtained in the above way for a suitable ring D and D M which satisfy (i) and (ii).
Proof. Assume that D M satisfies the conditions (i) and (ii
where
all T(W t ) are isomorphic to direct products of D U(= TS(U)).
Since T(Wi) are injective, the sequence (3) can be consider as an injective resolution of T(X). Hence by the exactness of the bottom sequence in (2) 
H R
Hence form (4) and (6) we obtain
Conversely, assume II. Clearly II (b) implies (4) and (6). Since S is left exact, it follows from II (a) and (4) that
is an injective resolution of X, where Θ is a given isomorphism:
. Now, we shall assume that D is right perfect. Since every nonzero left D-module has a nonzero socle, each V { is the injective hull of its socle. However, by [15, Lemma 7] it follows from (6) that B is not isomorphic to a submodule of V^ Hence V { is imbedded into a direct product of U and consequently S( V t ) is imbedded into a direct product of S(U). Thus dom. dim R X ^ n + 1 by [15, Lemma 1] .
In case D U is a cogenerator, V* is imbedded into a direct product of U and the converse also holds 5 by [15, Lemma 1] . Especially, dom. dim R R is characterized only by the vanishing of k = 1,2, ....
3-Perfect QF-3 rings. Following Thrall's paper [18] we shall say that R has a minimal faithful left module L if L is a faithful left jβ-module and if L appears as a direct summand of every faithful left jβ-module. It is clear that L is projective, and injective, and is isomorphic to some left ideal direct summand of R. Jans proved in [5] that semi-primary ring has a minimal faithful left module, if E{ R R) is projective.
The next propositions show the equivalence between notions of left QF-3 and left QF-3' for right perfect rings and show a necessary and sufficient condition for perfect, left QF-3' rings to be left QF-3 + .
PROPOSITION 3.1. If R is a right perfect ring, then the following conditions are equivalent: For the proofs we shall refer to that of Proposition 2 and Theorem 2 in [4] , which are known to be valid, if we consider that for right perfect rings, every nonzero left module has nonzero socle and for left perfect rings, every projective module is isomorphic to a direct sum of primitive left ideals. Proof. By Proposition 3.1 we may assume that R has faithful, projective, injective left ideal Re and right ideal fR, where e and / are idempotents of R. Then it is seen by Proposition 2.1, (2) fRe is an injective left /β/-module as well as an injective right eiϋe-module. Further, by Proposition 2.3, without loss of generality we can assume that fRe is a cogenerator in the category of all left /^/-modules and the category of all right eβe-modules respectively. By Proposition 2.1, (1) [12, Lemma 2.2] that the socle of fR is reflexive.
Since fRf is a perfect ring, the socle of f Rf fR is a nonzero submodule and hence it is isomorphic to a direct sum of a finite number of irreducible /β/-modules. Thus, for an integer n, we have an exact sequence: On the other hand, R M is faithful and hence R can be imbedded into a direct product of copies of M. Hence, similarly as above we can prove that E( R M) can be imbedded into M. However M is minimal and hence M is isomorphic to E( R M). Thus M is projective and injective.
Let K be a field and V an infinite dimensional left iΓ-vector space. Denote by F the inverse if-endomorphism ring of K V. Then F is a primitive ring and has a pair of projective, minimal ideals M and N such that F M = F V* = Hom z (*V*., iJΌ> N F ~ V F . Since iV^ is projective, F M is injective and hence F is left QF-3. However F is not right QF-3'. For otherwise, it would follow by Proposition 4.1 that F is right QF-3 and N is injective. Then, by [6, Th. 1] , because the socle of R R is not finitely generated.
3. The next example shows that every right Artinian QF-3 ring is not necessarily left Artinian, 6 while every Artinian self-injective ring (i.e., quasi-Frobenius ring) is left Artinian.
Let Q and P be skewfields such that P is a subfield of Q and the right dimension of Q over P is finite and the left dimension of Q over P is infinite. The existence of such skewfields was proved by Cohn [2] . Similarly as in Example 2, consider a ring R such that Qc L1 + Qc 2i + Qc Bl + Pc 22 + Qc 32 + Qc 33 , that is to say, R is a subring of the matrix ring Q 3 . Then it is clear that R is right Artinian but not left Artinian. On the other hand, R is semi-primary and Rc ίL and c^R are faithful, protective, injective, left and right ideals respectively.
4. The next example shows a non-perfect QF-3 ring. Let K be the field of rational numbers and Z the ring of rational integers. Consider a subring R of the matrix ring K 3 such that Kc n + Kc 2ι + Kc 3l + Zc 22 + Kc 32 + Kc 33 . It is clear that E( R R)(resip. E{R R )) is isomorphic to the direct sum of 3-copies of a projective, injective ideal u?c n (resp. c 33 R). Hence R is QF-3, while R is not perfect.
